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What is the proximity challenge?

A question about polynomials over finite fields

The challenge: prove that a certain conjecture is true

* Only elementary algebra (no Adeles, Schemes, Sheaves, ...)

Why is the EF paying S1M for a proof ??

= if true, better (provable) proof systems based on Reed-Solomon

EF’s Goal: avoid conjectures, as much as possible




The grand challenges

The grand MCA challenge. We are given a Reed—Solomon code C := RS|F, L, k] defined
over some smooth evaluation domain £ C F. The code has constant rate, and in particular
the rate p(C) :== k/|L| is one of {3, }, 5, 16 }-

determine the largest 6% € [0, 1] such that €,,(C, ) < 1/2'28,

assuming |F| is sufficiently large so that such a ¢} exists.

The grand list decoding challenge. We are given a Reed—Solomon code C as in the
grand MCA challenge. For a constant m,

determine the largest 6% € [0, 1] such that |A (C=™, %) < |F|/2'28,

assuming |F| is sufficiently large so that such a ¢ exists.

Why is this important?  What does it even mean?




Let C = RS|F, L, k] S FI£l be a Reed-Solomon code

with a smooth eval. domain L (i.e. L is a power-of-2 coset of a subgroup of [F)
111
andrate p(C) :=k/|L| € {E’Z’E

Omin(C) = Amlizl(e) € [0,1]: the minimum relative distance of C




Recall: list decoding bounds for RS codes

The Johnson bound: For CSF* and 0<6 <J(C) (-1-yi-6mn©®)
A(C, 5) = max,,cpn|{c € C: Alw,c) <6} < small(6)

(small(§) — oo as § approaches J(C) )

List decoding size A(C, §) as a function of § € [0,1] :

| |IA(C,6)| £1 | |A(C, 8)| £ small(F) | P77 I |A(C, 6)| = BIG
I 1 1 1 1
5 =0 5min (C)/Z ](C) = 5min (6) 1
(Unique decoding radius)  (Johnson radius) (Elias radius)

Well behaved for Random-RS (RRS) and subspace-design codes, e.g. Folded-RS (FRS)




Proximity Testing: a SNARK ingredient

Let C € [F™ be a linear code, and § € [0, §,in(C)).

P(u € F*, ) V* (8)

roximity test protocol
H > accept/reject

Completeness: if u € C then Pr[Verifier accepts] =1

Soundness: if u is §-far from C then Pr[Verifier accepts] <1/21%8



Batch proximity testing

Suppose we need two proximity tests. Can we batch them?

P(UO, Uq € IFn, 5) %ot (6)

z F
Uu=ug+z-ug * Z <

roximity test protocol on u
Batch the two > .
words into one accept/reject .

Complete: if ug,uq € C thenu € C so Pr[Verifier accepts] =1

Is it sound? if one of ug, uq is 6-far from C, will V reject w.h.p ??
Answer: yes, if C has distance preservation.



Distance preservation (proximity gap) [rvw’i3]

Suppose one of ugy, uq is 6-far from C.
Does a random linear combination preserve the distance?

Consider the line L(z) = ug + z - uq we want at most
- few points on L
. o to be d-closeto C

Def: p(L) = Pr {dist (L(Z), C) < (5} (fraction of point on L that are §-close to C)

z<+TF

We say that C has proximity gap £,,(C, 6) if for every line L
p(L) < gpg(C,6) or pl)=1



https://dl.acm.org/doi/10.1145/2488608.2488709

Distance preservation (proximity gap)

For a given linear code C,

what is the largest § so that £,5(C, §) < 1/214% ??

(a bigger 4 results in a shorter SNARK proof --- as we will see)

A lot is known, but for for modern SNARKSs

the basic proximity gap is insufficient ... we need more.



Five proximity gap notions for a linear code C

Proximity gap notions for C at some distance § € [0, §,,in(C))

What coding theorists actually prove
(9,a,b) — Line decoding i ° ﬁmrrlcjrer!r?mleturity of

Basefold and Whir [Hab’24]
g> Mutual Correlated Agreement (MCA)

Q Correlated Agreement with Constraints

A simpler extractor for Q Correlated Agreement (CA)

Basefold and Whir [ACFY’24].

a simplified FRI




Five proximity gap notions for a linear code C

Proximity gap notions for C at some distance § € [0, §,,in(C))

(6,a,b) — Line decoding

b Mutual Correlated Agreement (MCA)

Q Correlated Agreement with Constraints
Q Correlated Agreement (CA)
Q proximity gap




Our starting point: line decoding

Def: alinear code C € " is (6, a, b)-line decodable if for every
line L:IF — F™ the following condition holds:

>a pointson L are 6-closetoC =

>b of the close-by codewords are colinear

“by €O m B

| _ m. . zbare colinear

(more generally, curve decodable)

GG’25: Goyal, Guruswami, eprint/2025/2054 CGH+'26: S-two paper, eprint/2026/532



Line decoding for Reed-Solomon Codes

Thm: [BCIKS'20, BCHKS25, cGH+26] Let C = RS[FF, L, k] € F"

Then C is (6, a, b)-line decodable for 6 € ( ami;(c), Jj(©) )

unique Johnson
for a=n(6)° n « |IF| decoding  bound
and b = n(5) where 1n(8) =~ max( (C) —, const)

What about line decoding when § > J(C)?  Good question!

CGH+'26: S-two paper, eprint/2026/532, Theorem 25



Mutual Correlated Agreement (MCA) (acrv2s)

Let C € [F™ be a linear code, and § € [0, §,in(C)).

Def: foru € F"* and S € [n] we say that uis (S, §)-close to C
if |S| = (1 —6)nandthereisac € C suchthat A¢(u,c) =0

[ n |
u= BT e u,v € F" are (S,8)-close to C
4
¢ = _ €C Vx,yeF: x-u+y-vis(S,6)-closetoC

SC[n]




Mutual Correlated Agreement (MCA) (acrv2s)

For ug, uq € F™ consider the line L(z) = ug + z - uq

L — " =
GaaafiSteeT  u - N
L:
u, = N
Clearly: if uy, uq are (S, 6)-close to C then Sg'[n]

L(z)is (5,0)-closetoCforallz € IF

MCA is the converse property:
If L(z) is (S, 0)-close to C then w.h.p ugy, uq are (S,96)-closetoC




Mutual Correlated Agreement (MCA) (acrv2s)

Def: C € F" has Mutual Correlated Agreement error &,,4(C, )
if for every line L(z) =ug+z-uq, ug uq € F* we have:

forallzelF:
L(z)is (S,0)-closetoC = ugp, uqare (5,0)-closetoC
except for < &,.4(C, §) of the points on L (the MCA error)

= Ug, Uq are (S,5)-closetoC

= all L(z) are (S, 8)-close to C

(S, 8)-cl (S",8)-close = Ug, Ugare (S',8)-close to C
) -Close P .
(57, 0)-close Ug, uq not (S, 5)-close to C = MCA error



From colinearity to agreement

Thm: [GG’25, Thm 3.5] for a linear code C C F"

: a
(6,a,n + 1)-line decodable = &,:,(6) < I

Proof: Suppose some a points on the line L(z) = ug + z u; are MCA errors.

All these a points are d-closetoC = n + 1 of the close-by codewords are colinear
So: dAn + 1 points {p; € L, (S;, §)-close to C} and close-by codewords are colinear

For n + 1 subsets of [n] there must existan i* s.t. Si S U jepniani+ S

By collinearity of close-by codewords: both u,, u4 are (S;+, §)-close to C.

... but then p;+ is not an MCA error, contradiction! H



The resulting MCA bound for RS codes

let € = RS[F,L,k] CF¥I.  Fors e (2222 j(e))

1n(8)>-|L]

||

I

for sufficiently large |[F|

nga (61 5) <

What about &, when § > J(C) ???

Habock’25: eprint/2025/2110



The Proximity Challenge for Constant Rate RS Codes

The grand MCA challenge. We are given a Reed—Solomon code C := RS|F, L, k] defined
over some smooth evaluation domain £ C F. The code has constant rate, and in particular

the rate p(C) := k/|L| is one of {3, 1, 5, 16 }-

determine the largest 6% € [0, 1] such that €,,(C, ) < 1/2'28,

assuming |F| is sufficiently large so that such a ¢} exists.

what happens

Emca < 1/21%8 (if F large) for these § ? MCA fails

| | |
I 1 I LI | 1

?7?
| o | |

I
| | | |
5 =0 ](@) want small/ 5min(6) 1
MCA error here




Summary for RS codes over a smooth domain

distance § error €,,.,(C,9) reference

=0 Emea(C,0) = ﬁ trivial

§ < 8,:in(C)/2 Emea(C,0) < % [ACFY25; BCIKS20]

(6 below the unique decoding radius)

6 = J(6mn(C)) — 7 Emea(C,0) < 2 p"g,l(l/ 1) | [BCHKS25; Hab25; BCGM25; BCIKS20]
(as § approaches the Johnson radius)

1he belavier of €,.(C,6) for § € [0,1] and C := RS[F, £, k], where n := |L|.

[The KKH negative result: MCA fails when é is too big (also CS’25, DG’25, FS’25) }

Krachun, Kazanin, Habock:

eprint/2026/782




Line decoding for RRS and FRS

Thm: [GG’25] The following codes are line decodable
almost up to capacity (6,,;,(®))

* Subspace design codes, such as Folded Reed-Solomon (FRS)
(see also JLR’26)

* The Random Reed-Solomon (RRS) code

How good are the resulting FRS-based SNARKs?

... Currently, worse than provable RS-based SNARKs due to a large alphabet

... Can one improve the alphabet size of FRS ??  (maybe not [BCDZ’25, Thm 1.11] )


https://eprint.iacr.org/2025/2054
https://arxiv.org/pdf/2601.10047
https://arxiv.org/pdf/2510.13777

Why Mutual Correlated Agreement?

(MCA)

What is it good for?



An example problem on a linear code C € F"

P(s,ty,t1; Ug, Uy; Co,C1) VHoti(s, ty, t1)

S, Ug,Uq € F*, ty,t1 €F, co,c1 €C

Goal: convince the verifier that

—_—

prove Uy, Uq are
* dist(u;, ¢;) < 0, and 5-close to codewords
" that satisfy a

~ linear constraint

 (c;,s)=1t; fori=0,1

Captures intermediate steps in Basefold and Whir



A simple IOP for this relation

P(s,ty,t1; Ug, Uy; Co,C1) VHoti(s, ty, t1)
z € ;T
Honest prover:
c:=co+tz-¢q c € F"
/spot checks\
Batch the two ) X1, ey Xp < [N] that ¢ was
e

V acceptsif ¢ € C and %ho%
Complete when u; = ¢;, * (¢s)=tgt+z-tq,

but is it knowledge sound? ° vielt]: c(x) =uolx) + 2z - uq(x;)



An extractor to prove knowledge soundness

Because of spot checks, we know that w.h.p |S| = (1 —d)n
= becausec € C, we have ug+z-uqis (S,6)-closetoC

= by MCA, w.h.p both ugy,u; are (§,6)-close to C

So: Ext knows error locations in ug, u4 and can efficiently find ¢q, ¢4

Ext((uo, uq), (z, c)) <« takes I’s input and an accepting transcript

* LetS C [n] be the largest set such that A¢(c, ug+z-uq4) =0

* Erasure correct uy, uq with respect to S to get codewords ¢, €1

* Output ¢y, cq




Extraction theorem

Ext fails to output a
valid witness ¢, €4

A(c 5)

Thm: Pr[ ] < max(emca((? d) +

, (1-6)t)
/

N/ ]

Need MCA and bigger 6

list decoding = smallert
bound to hold = shorter proof
for large 6

See paper for proof

~

Note: we need both MCA and list-decoding bounds for § > J(C)
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To learn more:

Open Problems in List Decoding and Correlated Agreement

Gal Arnon Dan Boneh Giacomo Fenzi
galarnon42@gmail.com dabo@cs.stanford.edu giacomo.fenzi@epfl.ch
Bocconi University Stanford University EPFL

eprint.iacr.org/2026/680

Lists many additional interesting questions in this area, such as:
e Can we build shorter SNARKs from Folded-RS (FRS) ?

e Non-RS codes: Better MCA bounds for LDPC codes?
(random LDPC have MCA to capacity [GG'25])



