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Constructing IOPs from Codes

Distance o : how far apart are points in C ?
Ence Rate p = k/n : how redundant is C ?
Encoding time 7 : how long does Enc take?




Constructing IOPs from Codes  coecum

Distance 0

X, W X Rate p = k/n
l l Encoding time 1 -
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* and (simple) claims about underlying messages are true



Constructing IOPs from Codes  coecum

Distance 0

X, W X Rate p = k/n
Encoding time 1 -

Near-optimal constructions

< : [Set20, CBBZ23]
: Prover time: O(T. + 1))
— : Query complexity: O ()

— _>
, Interactive Oracle Proof
—— of
Proximity
— _>
\_ y, \_ _J

|OP prOver t|me — O(TF + TC + TIOPP)
IOP query complexity = Qropp

*and (simple) claims about underlying messages are true



To get efficient IOPs, we need
1. a code C with fast encoding time

2. an IOPP for C with fast prover and low # queries



Efficient Codes and |[OPPs for them

FRI [BBHR18] STIR/WHIR [ACFY24/25]

[BMMS264]
[BFRW25]

I'~= 0O(n)
Oropp = O(1)

[BCG20] Blaze [BCFRRZ25], FICS [BMMS26Db]
Brakedown [GLSTW23] BrakingBase [NST25]

T.= O(n) T = O(n) T = O(n)
Oropp = 0(\/’7”)
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Chapter 1
|OPPs by Interleaving Codes



(Goal:

IOPP with O(\/ 4k) queries



INnterleaved Codes

Let C C ' be a code with message space [F°.

The t-wise interleaving of C is denoted by C’

EnCCt

Rate p- = s/r = p,

Encodingtime /-, =1- 1,

Distance 0, = 0./t
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|OPP for Interleaved Codes iHvi7

;
I b Yeendey =7
c,el’
(" ) (- )




|OPP for Interleaved Codes iHvi7

1.Vsendsy<$; F

2. P sends ¢* that is supposed to be Zi yici ana
m* such that ¢* = Enc(m*¥)

3.V checks ¢* = ) y'c;viav = O(1)
spot checks:
1. 'V samples v indices
2. For each index j:
1. V queries ¢¢[J], ..., ¢ J] and ¢*[J]
2. 'V checks that ¢*[j] = 3 ¥ - ¢;[/]

4. V checks that ¢* is close to a codeword in C
by checking that ¢* = Enc(Im™)
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|OPP for Interleaved Codes iHvi7

Completeness:

P is honest, so ¢* = ) y'c;, so spot checks pass
Honest P can set m* = »__y'm,

Since Cis linear, Enco(m*) = Enc( 2 yimi)
= ) 7'Encc(m,)

l
= Z?’ici
i

:(:>I<
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|OPP for Interleaved Codes iHvi7

Soundness: V accepts but at least
one ¢; is far from C

Case 0: c¢*isfar from C
V rejects in re-encoding check

Case 1.1: ¢* is close to C and ¢* = Zi}/ici

Happens with negligible probability due
to proximity gaps [Dan's talk!].

Case 1.2: ¢* is close to C and far from Ziyici

Spot checks all pass with
probability (1 — 6.)";

setv = — A/log,(1 — 6,) to make this
negligible.
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|OPP for Interleaved Codes iHvi7

¢ € Efficiency:
. prover time: 7~ + O(k)
c, €

g [ ) #queries:v-t+sF
y < I
] when encoding k-length messages, this is

A4 minimized when t = v\/k/v and s = \/ kv,

m resulting in query complexity of
— OV/RD




Chapter 2
Query Reduction by
INterleaving Less



Goal:
IOPP with O(A log k) queries



Why is the IOPP Expensive”
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3.V checks ¢* =} y'c;viav = O(1)
spot checks:
1. V samples v indices J, ..., J,.
2. For each index J:
1. V queries ¢¢[J], ..., ¢|J] and ¢*[J]

2. 'V checks that ¢*[j] = Zi}/i - ¢l J]
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Why is the IOPP Expensive?

1.Vsendsy<$; F

2. P sends ¢* that is supposed to be Zi yici ana
m™* such that ¢* = Enc(m™)

3. V checks ¢* = Zi;/’ci viav = O(1) Interactive "Reduction":
spot checks: ¢ is close to C*

: ) : " l
1. V samples v indices J, ..., J,. o is close to C

2. For each index J: # queries: O(A7)

1. V queries ¢;[J], ..., ¢|J] and ¢*[J]
2. 'V checks that ¢*[j] = Zi}/i - ¢l J]

4. V checks that ¢* is close to a codeword in C Naive IOPP for C

by checking that ¢* = Enc(m*) # queries: O(s)
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Abstract Protocol

Red uce, . é ¢ is close to C;,

!

c* is close to Cy,

IOPP% OPP for Cy,

So far, we balanced the two.

What if we didn't balance?

25



=2 Abstract Protocol

Then

Reduce, _, «

!

cis close to C;,

c* is close to Cyy

gueries In

Reduce = ,
which Is better!

IOPP% OPP for Cy

Sett = 2.

But # queries In

IOPP = O(k/2),

which I1s worse!

Interactive "Reduction"
¢ is close to C’

!

c*is closeto C

# queries: O(Ar)

Naive IOPP for C

# queries: O(S)
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Reduce, _, «

Recurse!

cis close to C,,

!

c* is close to Cyy

c* is close to Cyy

!

c**is close to Cy 4

27



Reduce, _, «

Reduce,_,

Recurse!

cis close to C,,

!

c* is close to Cyy

c* is close to Cyy

!

c**is close to Cy 4

*...

*
¢ 7 iscloseto Cipg

!

s close to Cig g
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Codes and Reductions

Consider the following codes:

Bg with msg. length k/2

B§ with msg. length k/4

B with msg. length 1

reduce size

prox to C« = proxto B _«
o)) yi+1

4 N

RR24, RR25, BOFRRZ25, NST25, BMMS26D]

O(k/2") prover time and O(1) query IOR for

codeswitchable B; and arbitrary output code.

\_ A

hop to foldable
] code
Codeswitch
T proxto B « — proxto C i« _
Hit+1 Hit+1

29



=2 \ |OPP Completeness and Soundness

(" )

Reduce,
k=3 prox. to C, — prox. to C k

-ollow from composition theorems
for Interactive oracle reductions

Reduce:x .«
274 prox. to Cg — prox. to Cg

[BMNW25, BMMS26D)




|OPP Effic

Reduce,
k=7 prox. to C, = prox. to Cx

Reduce:_ &
274 prox. to Cg — Prox. to C§

Reduce;..,| prox. to Cy = prox. to C;

lency

r

prover
time

Lc
_|_

¢

k
2

_|_

O(T)

# queries

A queries

_|_

A queries
_|_

_|_
A queries

O(41og k)



Chapter 3
Query Reduction via Improving
Distance



Goal:
IOPP with O(A log log k) queries



P 1t

[ 1

Reduce # queries In each round

Reduce;_, «

RGdUCG&_>§
2

Reduce,_,

prox. to €y = prox. to Ci

prox. to Cg — prox. to Cg

r

X7

~

/ Problem: distance grows exponentially!
A2 = — Alog,(1 — 8)
5=1-=2"2

Since rate + distance < 1,

\_

huge distance — tiny rate & encoding time 1

prover

Hime # queries
1 A queries
_|_
A
— queries
2

_|_

b O(1) queries

Uﬂ{) O(4)
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Reduce # queries by Increasing distance

P 1t

[ 1

Reduce;_, «

Reduce

k
7—)

Reduce,_,

prox. to €y = prox. to Ci

—

—

distance halves at each
iteration means that

N

—A

log,(1 — 6/2%)

~

prover
time

¢

k

# queries

U1 queries

e —

/

prox. to Cy = prox. to C;

—

—

Tc,
2
_|_

O(1)

O(T)

_|_

U, queries

_|_

Vg k QUEres
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P 1t

[ 1

Problem: codewords don't shrink!

Reduce;_, «

Reduce

k
7—)

Reduce,_,

r

—

prox. to C;, = prox. to Ck
: —>

. prover
time

distance halves at each \ T
iteration means that

prox. to ( — /1

T leg-si2) J T

k

# queries

U1 queries

—

—

prox. to C, = prox. to C,

_|_

O(T)

oroblem: distance and

message length both

alve — I

\Codevvord length doesn”™

. change! \

0T log k)

_|_

U, queries

_|_

Vg k QUEres
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( )
Reduce
k=3 prox. to C;, = prox. to Ck

Reduceg

Reduce4—>1 Prox. to C4 — Drox. to Cl ‘

L
16

Solutions: fold more!

prox. to Ck — prox. to CL

Solution: instead of folding in \
half, fold by larger power of 2, e.g. 4

Codeword gets smaller faster than

@stance amplification makes it biggey

prover
time

O(I¢c, )

k/2!

O(T)

# queries

U1 queries
_|_

U, queries

_|_

Vg k QUEres
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Chapter 4
Round and Query Reduction via
lensoring



Goal:
IOPP with O(4) queries



Reducing the Number of Reductions

Problem: Too many reductions, and can't reduce the queries per reduction enough!

O(1) reductions each with O(A) queries

Good news: suffices to reduce message length to O(Akl/ 3)

1

and codeswitch to RS code with rate ——

173 |

Goal: Reducey._, ;213
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ldea 1: Interleave with =

k1/3

1.Vsendsy<$; F

2. P sends ¢* that is supposed to be Zi }/ici ana
m* such that ¢* = Enco(m*¥)

3.V checks ¢* =} y'c;viav = O(1)
spot checks:
1. 'V samples v indices
2. For each index J:
1. V queries ¢ J], ..., ¢,[j] and ¢*[J]
2. 'V checks that ¢*[j] = Zi}/i - ¢l J]

41



ldea 1: Interleave with =

=y

P

k1/3

1.Vsendsy<$¥ F

2. P sends ¢* that is supposed to be Zi }/ici ana
g A m™* such that ¢* = Enc(m*)
s 3. V checks ¢* = Zi;/ici viav = O(A)
spot checks:
for each index j, V checks (s;, g) = o;

where g = (17,72, ...,7* D).

Problem: O - k'°) queries!

42



ldea 2: Delegate spot checks to prover

1

Problem: V must still read input S;'s

2. P sends ¢* that is supposed to be Zi }/ici ana

> for proving (s, 8) = o;.

€ "
B 1. Vsendsy « [F
C, €
_$ ) m™ such that ¢* = Enc(m¥)
# 3. P and V engage in IO
c* €
|V
IOP for (s;, g) = o, N
\_ ),

43



ldea 2.1: Encode Columns Too

1.Vsends;/<$; F

2. P sends ¢* that is supposed to be Zi }/ici and
m™* such that ¢* = Enc(m*)

3. P and V engage in IOP for proving (s;, 8) = o;

u; is close to Encc(s))

Problem: Naive IOP still incurs O(A%) queries

44



U,

|OP for Inner-Products and Proximity

and
is close to Encc(sj)

Encp(s | ... |Is,)

Uu.

1. P sendsu = Encp(s,|| ... ||s,) under code D

2. P convinces V that:

1. wis actually an encoding of 8| -+ ||,
1. wisclose to D

2. Message in 1 is consistent with uj's
2. Foreachj, (s;,8) = o;

45



<Sj’ g> — 0]
and

u, is close to EnCC(S])

1. P sends u = Encgs(s|| --- [|S,) unde
u. |
J 2. P convinces V that:

[OP for Inner-Products and Proximity
I II]

1. wis actually an encoding of §|| -

!

P Encrs(sl ... |Is,) \4 2. Message in u is consistent

ZBllFor each j, (S;,8) = 0,

RS code of msg length vk’ & block length k172
(this is small enough that encoding is still < k).

WHIR proves proximity and sumcheck claims; in
this distance regime, WHIR requires O(A) queries.

46



|OP for Inner-Products and Proximity

I II]

<Sj’ g> — 6]
and

u; is close to Enc(s)) S P sends u = Encgs(s|| ... |[s,) under RS code
v 2. P convinces V that:
1. wis actually an encoding of 8| -+ ||,
1. wis closeto D

| Encgs(s| ... IIs,) v 2. Message in U Is consistent with u;'s

2. Foreachj, (s, g) = o;
Attempt 1:
- / - 7 1. V samples A random indices per u;

.
2. For each index i, P proves that (G, s;) = u,[/]

Sroblem: Still O(A%) queries!

47



<Sj’ g> — 6]
and

u, is close to Encc(s )

EnCRS(Sl H o oo

s,)

u.

|OP for Inner-Products and Proximity

I II]

1. P sendsu = Encgrs(S|| ... [|S,) under RS code

2. P convinces V that:
1. wis actually an encoding of 8| -+ ||,
1. wiscloseto D

2. Message in u is consistent with uj's

2. Foreachj, (s, g) = o;

Attempt 2

1. 'V samples 4 random columns u,.

2. Per column, she picks O(1) random indices.
3. For each index i, P proves (G, Sji> =u,[/]

=fficiency: Just O(44) queries!
Soundness: ?? 48



Soundness

Assume distance of column code is 1/2.

Claim: Out of

sampled columns u, number of ‘bad’ columns that are far from code Is

concentrated around average number of bad columns, i.e., 2v.

Proof: Chernoftf

Bound asserts that probability that there exist 3v good columns is negligible.

Corollary: With overwhelming probabillity, at least v of the u.'s are bad.

J

Now, since V makes O(1) queries per column, and each bad column is at least 1/2-distance
away from code, P gets caught in each bad column with constant probability (say, p).

Combined with corollary, this means that P avoids detection in each bad columnis (1 — p)”*.

By setting v appropriately, this is negligible.

49



u; is close to Encc(s))

cfficiency

Y Prover time: T+ Tiop = O(1 ).

Query complexity: 4v + O(A) = O(A)

50



Chapter 2 Chapter 3
FRI [BBHR18] STIR/WHIR [ACFY?24/25]

I'~= 0O(mlogn) T~ = O(nlogn)

Oropp = O(4logn) Oropp = O(41loglogn)

Chapter 1 Chapter 4

Ligero [AHIV17] 'BMMS263]
IBFRW25]

T~= O(nlogn) T-= 0n)
Oropp = 0(\/;) Oropp = O(4)

51



